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1 Introduction 

A general description of classical completely integrable models of n one-dimensional particles with two- 
body interactions V(qi — q/) was given in Ref. [24]. To each simple Lie algebra and choice of one of these 
type interactions, one can associate a classically completely integrable systems[5,13,23,24]. The most 
general form of the potential in such models is so-called elliptic Calogero-Moser(CM) model with an 
elliptic interacting potential. The various degenerations of this general system yield rational CM model 
(type I in Ref. [5]), hyperbolic CM model (type II in Ref. [5]) and trigonometric CM model (type III in 
Ref. [5]). So, the study of the elliptic CM model is of great importance in the completely integrable 
particle systems. 
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The Lax pair representation (Lax representation) of a completely intcgrablc system, which means that 
the equations in the problem can be formulated in a Lax form, is the most effective way to show its inte- 
grability and construct the complete set of integrals of the motion. The Lax representation and its corre- 
sponding r-matrix structure for rational, hyperbolic and trigonometric A n _i CM models were constructed 
by Avan et al[5]; The Lax representation for the elliptic CM models was constructed by Krichever[22] and 
the corresponding r-matrix structure was given by Sklyanin[30] and Braden et al[10]. There exists a spe- 
cific feature that the r-matrix of the Lax representation for these models turn out to be a dynamical one 
(i.e it depends upon the dynamical variables) and satisfy a dynamical Yang-Baxter equations[6,10,ll,30]. 
Such structures also appear in the study Ruijsenaars-Schneider models, which is known as the relativis- 
tic Calogero-Moser models and can be related to the soliton systems of the affine Toda field theories 
[11,12,27,28]. Moreover, such a dynamical r-matrix structure is connected with the hamiltonian reduc- 
tion of the cotangent bundle of Lie algebra for Calogero-Moser model and the contangent bundle of Lie 
group for Ruijscnaars-schneidcr model [2,16,31]. This greatly promotes the study of the classical ( and 
quantum) dynamical r- matrices (and R-matrix). A partial classification scheme has very recently been 
proposed for the dynamical r-matrix obeying the particular version of the dynamical Yang-Baxter equa- 
tion^, 14, 29]. However, at this time one lacks a general classifying scheme such as exists in the case of 
nondynamical classical r-matrices thanks to Belavin and Drinfeld[9]. 

The other difficulties presented by the dynamical aspect of the r-matrix also occur : I. the fundamental 
Poisson algebra of Lax operator, which structural constants are given by a dynamical r-matrix, is generally 
speaking no longer closed (cf. the nondynamical one ); II. To solve the quantization problem and its 
geometrical interpretation is still an open problcm[30]. So far, only for one particular case — the spin 
generalization of the CM model — a proper algebraic setting (the Gervais-Neveu-Felder equation) was 
found[4] which allows one to quantize the model. On the other hand, it is well-known that the Lax 
representation for a completely intcgrablc models is not unique. The different Lax representation of a 
integrable system is conjugated each other(only for finite particles system, but for the field system it 
should be transfered as gauge transformation from each other). But the corresponding r-matrix should be 
transfered as a "gauge" transformation (see Eq.(5)) which is the classical dynamically twisted relations[4] 
between r-matrix. So , to overcome the above difficulties which caused by the dynamical r-matrix may be 
that whether another Lax representation for the CM model which has a nondynamical r-matrix structure 
could be found. The plan of our work is to find such a "good" Lax representation for the elliptic A n _i 
CM model if possible. In our former work[18], we succeeded in constructing a new Lax operator (cf. 
Krichever's[22]) for the elliptic A n _i CM model with n = 2 and showing that the corresponding r-matrix 
is a nondynamical one which is the classical eight- vertex r-matrix[20].In present paper, extending our 
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former work in Ref.[18], we construct a new Lax operator (cf. Krichever's) for the elliptic A n -i CM 
model with the general n(2 < N) which be a "good" one in sense that the corresponding r-matrix is 
nondynamical one — -the classical Z„-symmctric r-matrix. 

The paper is organized as follows. In section 2, from the classical dynamical twisting , the condition 
that the " good" Lax representation could exist is found. In section 3, after some review of quantum 
Z n - symmetry Belavin model, we construct the classical Z„-symmctry r-matrix. After some review of 
Sklyanin's work on elliptic CM model in section 4, we construct the "good" Lax representation for elliptic 
A n -i CM model which enjoys in nondynamical r-matrix structure in section 5. Finally, we give summary 
and discussions in section 6. Appendix contains some detailed calculations. 

2 The dynamical twisting of classical r-matrix 

In this paper, we only deal with the completely integrable finite particles systems. In this section we will 
review some general theories of the completely integrable finite particles systems 

A Lax pair (L,M) consists of two functions on the phase space of the system with values in some Lie 
algebra g, such that the evolution equations may be written in the following form 

f = [i.M] (1) 

where [,] denotes the bracket in the Lie algebra g. The interest in the existence of such a pair lies in 
the fact that it allows for an easy construction of conserved quantities (integrals of motion) — it follows 
that the adjoint-invariant quantities trL n are the integrals of the motion. In order to implement Liouvillc 
theorem onto this set of possible action variables we need them to be Poisson-commuting.As shown in 
Ref.[7], for the commutativity of the integrals trL n of the Lax operator it is neccessary and sufficient 
that the fundamental Poisson bracket {Li(u), L 2 (v)} could be represented in the commutator form 

{Li(u),L2(i;)} = [n 2 (u,t;),ii(«)] - [r 21 (v,u),L 2 (v)] (2) 

where we use the notation 

Li = L®l , L 2 = l®L , r 2 i = Pr 12 P 

and P is the permutation operator such that Px <£> y — y <g> x. 

Generally speaking, r-matrix r\ 2 (u, v) does depend on dynamical variables. For some special case of 
r\ 2 (u,v) independent on dynamical variables, the r-matrix is called as the nondynamical r-matrix which 
has been well studied[15].In contrast with the well-studied case of the nondynamical r-matrix , no general 
theory of the dynamical r-matrix exists at the moment, apart few concrete examples and observations. 
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Still, the collection of examples is rather sparse, and any new example of dynamical r-matrix could 
possibly contribute to better understanding of their algebraic and geometric nature. 

The Poisson bracket structure Eq.(2) obeys a Jacobi identity which implies an algebraic constraint for 
the r-matrix. Since r-matrix maybe depend on dynamical variables this constraint takes a complicated 
form 

[Li, [ri2,ri 3 ] + [r 12 ,r 23 ] + [^32,^13] + {L 2 ,r 13 } - {^3,^12}] + cycl.perm = (3) 

Relevant particular cases of this general identity, one can obtain the classical Yang-Baxter equation for 
the nondynamical r-matrix and the classical dynamical Yang-Baxter equation [3, 7] for the dynamical one. 
It should be remarked that such a classification is by no means unique, which drastically depend on 
the Lax representation that one choose for a system. Namely, there is no one-to-one correspondence 
between a given dynamical system and a defined r-matrix, a same dynamical system may have several 
Lax representations and several r-matrix .The different Lax representation of a system is conjugated each 
other: if (L,M) is one of other Lax pair of the same dynamical system conjugated with the old one 
(L, M), it means that 

d L r~ ~n 

W = [L > M] 

L (u) =g(u)L{u)g-\u) , M («) = g{u)M{u)g-\u) - (^g(.u))g-\u) (4) 

where g(u) € G whose Lie algebra is g. Then, we have 

Proposition 1. The Lax pair (L,M) has the following r-matrix structure 

~ ~ ~ ~ 

{Li {u),L2 (v)} = [ri2 (u,v),Li (u)\ - [r 21 (v,u),L2 («)] (4a) 

where 

r i2 (u,v) = g 1 (u)g 2 (v)r 12 (u,v)g^ 1 (u)g2 1 (v) + g 2 {v){g 1 {u),L 2 {v)}g^ 1 {u)g^ 1 (v) 

+ ^[{9i{u),9i{v)}g^\u)g 2 \v) , g 2 (v)L 2 (v)g 2 1 (v)} (5) 



Proof: The proof is direct substituting Eq.(4) and Eq.(4a) into the fundamental Poisson bracket and 
use the following identity 

[[si 2 ,ii],L 2 ] = [[s 12 , L 2 ], Lx] 
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where S12 is any matrix on g ® g. □ 

It can be seen that: I. The Lax operator L is transferee! as a similarity transformation from the 
different Lax representation( only for finite particles system); II. The corresponding M is undergone the 
usual gauge transformation; III. The r-matrix is transfcrcd as some generalized gauge transformation, 
which can be considered as the classical version of the dynamically twisted relation between the quantum 
R-matrix[4]. Therefore, it is of great value to find a "good" Lax representation for a system if it exists, in 
which the corresponding r-matrix is nondynamical one and the well-studied theories [4, 15] can be directly 
applied in the system — such as the dressing transformation , quantization 

Corollary to proposition 1. For given Lax pair (L, M) and the corresponding r-matrix, if there exist 
such a g that 

hi2 = {gi(u)g 2 (v)r 12 (u,v)gi 1 (u)g2 1 (v) + g 2 (v){ gi (u), L 2 (v)}g^ 1 (u)g 2 ; 1 (v) 

+ \[{9i{u),g 2 {v)}g^ 1 {u)g 2 - 1 {v) , g 2 {v)L 2 {v)g^ (v)}} 
and d q M 12 = d P] h 12 = (6) 

the nondynamical Lax representation of the system exist. 
From the straightforward calculation , we also have 

Proposition 2. The twisted Lax pair (L,M) and the corresponding r-matrix r 12 satisfies 
[Li, F12, r 13 ] + [r 12 , r 23 ] + [r 32 , r 13 ] + {2 2 , ^13} - {L3, ^12}] + cycl.perm = 



The main purpose of this paper is to find a "good" Lax representation for the elliptic A n -i CM model. 

3 The elliptic function and elliptic Z n -symmetric R-matrix and 
r-matrix 



We first briefly review the elliptic Z„-symmetric quantum R-matrix which is related to Z„-symmetric 
Belavin model[8,19,21,25]. For n € Z + , 2 < n, we define n x n matrices h, g, I a as 



hi 



Hj ( 'i+l,jmodn i Qij ^ > -^Qi,Q2 — ^ot 9 2 ^ 

where cti, a 2 € Z n and uj = exp(2ir^-^). We also define some elliptic functions 

I _ I 
1 

2 



2 n 



(u,nr) , cr(u) 



(u,t) 



(7) 



(9 



(m,t)= exp{\/^T7r[(m + afr + 2(m + a)(z + 6)]} 



0'«(u) = c>„{0«( U )} , a'(«) = S>W} , £(«) = (8) 
a(u)a{v) 

where r is a complex number with 7m(r) > . Then we define the Z n -symmetric Belavin's R-matrix[19] 

Rf.(y)=l *'(0)6(°)(v)<r(v+w) ev-i){w)ev-i){v) 11 t + 3 -l + K mod n ^ 
otherwise 



where w is a complex number which is called as the crossing parameter of the R-matrix.We should remark 
that our R-matrix coincide with the usual one [19,21] up to a scalar factor ^ |g(o^j IIj=i go) (oj ' wmc h 
is to make Eq.(15) satisfied. The R-matrix satisfy quantum Yang-Baxter equation (QYBE) 

Ri 2 {vi - v 2 )Riz{v\ - v 3 )R 23 (v 2 - v 3 ) = R 23 (v 2 - w 3 )i?i3(«i - v 3 )Ri 2 (v 1 - v 2 ) (11) 

Moreover, the R-matrix enjoys in following Z n £g> Z n symmetric properties 

Ri 2 (v) = (a ® a)Ri 2 (v)(a <g> a)" 1 , for a = g, h (12) 

Introduce an n <B> n matrix T(v), with the matrix element T{v)\ being operators, which satisfy the 
equation( also called QYBE) 

Ri 2 {vi - v^T^v^T^vi) = f 2 («2)fi(vi)iii2(vi - v 2 ) (13) 

We next turn to the factorized difference representation for the operator T(v) [17,19,25] 
Set an n (g> n matrix A(u; q) 

n n — 1 

A(u; q)) = A(u; q x ,q 2 , q n )) = 0«(u + nq 3 - ^ q k + ——) (14) 



fc=i 



here A(u, q)j correspond to the interwiner function ip^ between the Z„-symmetric Belavin R-matrix and 
the A^li face model[21] in Ref.[19]. Construct the operator T{u) 

f{u)) = Aiu + sw-q^A-^u-q^Dk (14a) 

where s is a complex number which associate with the representation of Sklyanin algebra[19] and will be 
related to the coupling constant of elliptic A n _i CM model Eq.(36), and D k is a difference operator such 

as 

D k f(q) = D k f(qi,q 2 , ...,q n ) = f(q 1 , ...,g fe _i,g fe - w, q k+1 , q n ) 
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Then following the results in Ref. [16], we have 

Theorem 1. ([16], [29], [30]) The L-operator f(u) defined in Eq.(14a) satsifes the QYBE Eq.(13). 



We can define a corresponding Z n -symmetric (classical) r-matrix which has the following relation with 
the R-matrix 

Rl2(v)\ w=0 = 10 1 

Ri2(v) — 1 ® 1 + wr\ 2 {v) + 0(w 2 ) , when the crossing parameter w — >0 (15) 

Then we have 

Proposition 3. The corresponding elliptic Z„-symmetric r-matrix is 

[ otherwise 
and satisfy the nondynamical (classical) Yang-Baxter equation and antisymmetric properties 

[ri2(vi - v 2 ),r 13 (v 1 - v 3 )] + [r 12 (vi - v 2 ),r 23 (v 2 - v 3 )] + [ri 3 (ui - v 3 ),r 23 (v 2 - v 3 )] = (17) 
-r 2 i{-v) = r 12 (v) (18) 



Proof: When w — > 0, we have following asympotic properties 

<t(w) =W(0) + 0(u; 3 ) , 6^(w) =u;6i'W(0) + 0(u; 3 ) 
0®(w) =9^(0) + w6' (i) (0) + 0(w 2 ) , i^Omodn 

Then one have ,when w — > 

fl' (O) (0)^) TT g (m) (t>)», fcf , _ - _ tt {m) (v) 6^{v)6^)(v) 

, g , (o) + o(w 2 ) e(m) ( v ) (o H")(0 (i ~ J 'H") + ™0' (i ~ J 'H") + Q(™ 2 ) 

+ l a(v)+wa'(v)+0(w 2 ) JJ^H^) (v)(e'(°) (0) + 0(w 2 )) 

= TT g (OT) («) ^(0)g (0) (t>) ri. fc 

Jfi 1 0< m >(o)0 /(o) (oM'>) 2 J 

"- ^(m) H ^(0)g(0)(^(^)(^) , fc gW^ Z>),1 

iii 0M (O) <; <7(u)e( I -J')(t;)fl( i - , )(0) 1 1 <j{v)9^){Qye^-i){v) <j(v) n 

+0(w 2 ) 
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By the definition of classical r-matrix from the quantum one Eq.(15), we have Eq.(16).The classical 
Yang-Baxter equation Eq.(17) is the direct results of the QYBE and the asympotic properties Eq.(18). 
The antisymmetric properties of the r-matrix can be derived from the following relations between the 
(^-functions 

[ ' 0(<*)(y) 9(-<*)(-v) 



One can also check that the classical r-matrix r 12 (u) enjoys in the Z n ® Z„-symmetric 
ri2(v) — (a <g> a)ri 2 (v)(a ® a) -1 , for a = g, h 

4 Review of the elliptic A n -\ CM model 

The elliptic A n _i CM model is a system of n one-dimensional particles interaction by the two-body 
potential 

v (lij) =lQ{Qij) , Qij=qi~Qj , i,j = l,....,n (19) 
Q(v)-Q{u) = E(u,v)E{u,-v) (20) 

where 7 is the coupling constant, Q(u) is a Weierstrass function and the elliptic function E(u, v) is defined 
in Eq.(9).In terms of the canonical variables {pi-Qj} = 1, ■■■n) with the canonical Poisson bracket 

{Pi, Pj} = Ui,qk} = , {p i ,q j } = 5 ij , i,j,k,l = l,...,n (21) 

the Hamiltonian of the system is expressed as 

n 

H = J2p"+J2 v ^ ( 22 ) 

The above Hamiltonian with the potential Eq.(19) is known to be completely integrable[13,22,23,24]. The 
most effective way to show its integrability is to construct the Lax representation for the system. One 
Lax pair (L, M) was first found by Krichever[22].The Lax operator (or L-opcrator) of Krichever is 

L)(u)=p i S i j + (l-S i j )^yE(u,q ji ) (23) 

where u is spectra parameter and the motion equation can be rewritten in the Lax form 

±L(u) = {L(u),H} = [L(u),M(u)} 
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The Hamiltionian defined in Eq.(22) can be rewritten in terms of the Poisson-commuting family {trL l (u)}(l = 
1, ...,n), which forms of enough independent integrals 

H = tr(L 2 (u)) + V(u) (24) 

V(u) does not depend upon the dynamical variables and the identity Eq.(20) is used. The r-matrix struc- 
ture of this Lax operator was given by Sklyanin[30] and Braden et al[10].The fundamental Poisson bracket 
of the Lax operator can be described in terms of r-matrix form [30] 

{Li(u),L2(v)} = [n 2 (u,t;),Li(«)] - [r 2 i(v, u), L 2 (v)] (25) 

and the dynamical r-matrix 7*12 («, v) is 

n 

ri2 (u,v)=aJ2Eii + J2 c i j E;i+J2 d u {Ef 3 + Ejj) (26) 

where 

Ef 3 =E\®E) , a = rg = -£(«- (27) 
Cij=rV;=-/=7S(«-«,g«) , d ij =r^=rj) = ^^E(v,q ij ) (28) 

where the elliptic function £(u) is defined in Eq.(8). Sklyanin also shown that the dynamical r-matrix 
ri2 (u, v) defined in Eq.(26) satisfies the dynamical Yang-Baxter equation (or generalized Yang-Baxter 
equation) [30] 

[R^ , L x ] + [i?( 231 > , L 2 ] + [i?( 321 ) , L 3 ] = (29) 

where 

i?( 123 > = r ( i2 3 ) - {ris, i 2 } + {ri2,L 3 } 

and 

r (i23) = [ri2,r-i3] + [ri2,r 23 ] - [ri 3 ,r 32 ] 

The Jacobi identity of the fundamental Poisson bracket is the results of Eq.(29).Due to the dynamical 
properties of the r-matrix 7*12 (m, v) , the Poisson bracket of L-operator is no longer closed. The quantum 
version of Eq.(29) and the generalized (dynamical) Yang-Baxter equation is still not found except the 
spin generalization of CM model in which the Gervais-Neveu- Felder equation was found[4,30]. 
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5 The "good" Lax representaion of elliptic A n -\ CM model and 
its r- matrix 

The L-operator of the elliptic A n ^i CM model given by Krichever in Eq.(23) and corresponding r-matrix 
ri 2 (u, v) given by Sklyanin in Eq.(26) leads to some difficulties [30] in the investigation of CM model. This 
motivate us to find a "good" Lax representation of the CM model. As see from the proposition 1 and 
its corollary in section 3, this means to find such a g(u) in Eq.(4) which satisfies Eq. (6). Fortunately, we 
could find such a g(u) ,from which we construct a new L-operator L (u) of the elliptic A n -i CM model ( 
This kind L-operator does not always exist for general completely integrable system). The corresponding 
r-matrix of L (u) is purely numeric one , and is equal to classical Z„-symmetric r-matrix In order to 
compare with the L-operator given by Krichever, we call this L-operator found by us as the new Lax 
operator. 
Define 

g(u) = A(u;q)A(q) , A(?)j = h t (q)5* (30) 
hj(q) = h j (q 1 ,....,q n ) = n — \— — 

where A(u;q) Z j is defined in Eq.(14).Lct us construct the new L-opcrator L (u) 

L(u)=g(u)L{u)g-\u) (31) 
M («) = g{u)M{u)g-\u) - {^g{u))g-\u) 

Then we 

Proposition 4. The fundamental Poisson bracket of L-operator L (u) can be written in the usual 
Poisson-Lie form with a purely numerical r-matrix 

{Li {u),L 2 (v)} = [r 12 (u - v), Li (u)+ L 2 («)] (32) 

and the corresponding r-matrix r 12 (u) is a nondynamical one — Z„-symmetric r-matrix defined in Eq.(16). 



Proof: The proof is shifted to appendix A. The most important properties of this new Lax operator 



is that the corresponding r-matrix does not depend upon the dynamical variables. Consequently, the 
well-studied theory for the nondynamical system[15] can be used to study the elliptic A n _ x CM model. 
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The Z„-symmetric r- matrix r 12 (u) can also be obtained from the classical dynamical twisting as 
follows 

r 12 (u,v) = g 1 (u)g 2 (v)r 12 (u,v)g^ 1 (u)g2 1 {v) + g 2 {v){g 1 (u),L 2 (v)}g^ 1 (u)g2 1 {v) (33) 

up to some matrix which commute with L\(u) + L 2 (v). 

The standard Poisson-Lie bracket Eq.(32) of L-operator L (u) and the numerical r-matrix T\ 2 (u) 
enjoying in the classical Yang-Baxter equation Eq(17) and antisymctry Eq.(18) , make it possible to 
construct the quantum theory of the elliptic j4„_i CM model. Moreover, the numerical r-matrix r 12 (it) 
could provide a mean to construct a seperation of variables for the elliptic A n _i CM model in the same 
manner as that in the case of the integrable magnetic chain[30]. It aslo make it possible that one can 
construct the dressing transformation for the model. The dressing group of this system would be an 
analogue to the semi-classical limit of Z n Sklyanin algebra. 

6 Discussions 

In this paper, we only construct the nondynamical r-matrix structure for the elliptic A n -i Calogero- 
Moser model. Such a "good" Lax representation for the degenerated case — rational, trigonometric and 
hyperbolic CM model also could be constructed.lt is also very interesting to construct such a classical 
dynamical twisting for the Ruijsenaars-Schneider model. 

Appendix 

Appendix A. The proof of Proposition 4 

In this appendix we give the proof the proposition 4 which is main results of our paper. 
Set the classical L-operator T(u) as follow 

T(«)j = J2 A ^ l)U~\u; q))y k - s(d u A(u; g))^" 1 ^; q)) 

k 

where {p k } is the classical moment which is conjugated with {q^} and {p%,qj} satisfies the canonical 
Poisson bracket Eq.(21). 

Lemma 1. The classical operator T(u) has the standard Poisson-Lie bracket 

{Ti(u),T 2 (t;)} - [r 12 {u - «),Ti(«) + T 2 (v)} (34) 

where r-matrix r 12 (u) is the Z„-symmetric r-matrix defined in Eq.(16). 
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Proof : When w — ► , the difference quantum L-operator T(u) has the following asympotic properties 

dq k 



-sw 



>Y(duA(u;q))iA- 1 (u;q)'] + 0(w 2 ) 
k 

8)-wT {1 Hu))+Q{w 2 ) 



where 



?(«)} = ^(u;^" 1 ^)* A - sY(duA{u;q))lA-\u-q) k 3 

k k 

From the QYBE Eq.(13), we have 

\T?\u),t£\v)] = [r 12 (u-v),fi 1 \u)+f^(v)} 

If we use pfe instead of the differential Jj^- and the classical L-operator T(u) instead of T^(u) , we have 
the Eq.(34). □ 

Lemma 2. The T(u) can be explictly written as follows 

T H = £ 9 {u)iT{u) k k > T 1 (u)f = {(A(u; q)A(q))T(u)(A(u; g)A(g))- 1 }} (35) 

k,k' 



where T(u) and A(q) are 



d 



T{u)) = ( Pi - -lnA» (q))5) + ^{1 - 5))E{u- Qji 



A(q) =T\a(q l3 ) , coupling constant 7 = (-f^>) 2 , A(g)} = 1 (36) 



Proof: In order to calculate the matrix element (d u (A(u; q))A 1 (u: q) , we first consider 

A(u + w; q)A~ 1 (u; q) = A(u; g)L4 _1 (u; q)A(u + w; qr)]A _1 (u; q) 
From the defintion of A(u; q)* Eq.(14) and the determinat formula of Vandermonde type 
det[6^(u k )} = const, x <t(± £u fe - ^) TJ 

k l<j<k<n 

where the const, does not depend upon we have 

[A-\u; q)A(u + w; q% = £ A" 1 («; g)U(« + ur, «)} = " ( " + ^ ± ^ 
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Then, we have 



= + $ v 44 + (i - ^)a' (0) n^4^)} 

= -{(^ + £(/»A( ff )))*$ - (1 - ^)(-^(0))E(« ; ^) "^y > 



U.kjti a (Hk) na{u) dq 3 



Subsituting A 1 (u; q)d u A(u; q) into the defintion of T(u) , we have 

T(u)) = J2 A(u; q)ip k A-\u; q)) + -s ]T A(u: q)l(A-\u; q)d u A(u; q)f k , A" 1 («; g)f 



fc.fc' 



= (A(u ;g )A( g ))« fc {(p* - ^ + ^(inA* (</)))«& + (1 - (^^/^(u; g ji )}(A(g) _1 )A(M; 

□ 

We consider a map: 

Pi — ►p j -^ r (inA*(g)) 
% — > 9i 

Lemma 3. The map defined in Eq.(37) is a Poisson map[l] ( or a canonical transformation). 



Proof:The Lemma 3 can be proven from considering the symplectic two-form 

d d 2 
^d(pi - —lnAn(q)) A dq l = ^dpi Ac% + ^]( lnA^{q))dq l A dqj 

a 1i i i;j <' , h"'lj 



= ^ d Pi A dqi □ 



Since the Poisson bracket is invariant under the Poisson map[l], we could have proposition 4 from Lemma 
1 and Lemma 3. 
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